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For any positive integer N, there are a finite number of non-isomorphic groups 
of order N. This paper deals with the 2358 groups of order 128. Their classifica- 
tion into families is presented, with the number of groups in each family and some 
of their properties. 
1. INTRODUCTION 
For any positive integer N, there are a finite number of non-isomorphic 
groups of order N. These are especially interesting when N is a prime power, 
when the groups have a structure analogous to that described in Theorem 1 
below. Knowledge about p-groups is also useful in dealing with questions about 
more general groups which can be answered by considering their p-subgroups. 
For any primep, the groups of order pn with n < 4 are known [I, pp. 14S-1461. 
The groups of order 2”, n’ < 6, were given in [2]. The smallest prime power not 
covered by these results is 2’ = 128. We find that there are 23% non-isomorphic 
groups of this order. 
The general group of order 128 can be represented as the set of products of 
powers of seven generators, with exponents O’or 1 (Theorem 1). The multi- 
plication table for these products, hence the group, is determined if we give 
formulas for the squares of the generators and their commutators. These formulas 
contain a certain set of exponents which can take the values 0 or 1. Any set of 
values for the exponents which satisfy certain conditions leads to a group of 
order 128 (Theorem 2). 
The groups of order 128 are described in Tables I and II. In the application 
of Theorem 2, we are led to the idea of a family of groups, defined in Section 3. 
With suitably chosen generators, the groups of a family have a certain subset of 
the exponents fixed, while the others are free. The tables list some properties 
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TABLE I 
COMMUTATORS SQUARES 
1 
2 76.1 
3 ;i-2r72.1 
4 76.2,75-1 
5 7Y.lrb5.1 
6 ?b.2,72-1,65-l 
7 76.2,72.1,65-1 
8 76.3,73.2,72-i 
9 76.3,75.2,65-l 
10 75.lr74.2.65.21,64-i 
11 76.2,54-l 
12 76.2,7u-1,65-1 
13 76.2,7r.l,65-1 
14 76.3,73.2,65-21,63-l 
15 7b.3,75.2,63-1 
16 76.3,75.2,73-1 
17 76.3,75.2,73-1,65-l 
18 76.2,72.l,54-i 
19 76.3,75.2,A3.l,52-1 
20 76.3~75.2,62-1,53-i 
21 76.3,75-2,72-1,63-i 
2; 76.3,7312,72-1,65-21,:3-j 
23 76.3,73.2,72-1965.2r53.1 
24 76.3,73.2,72-1,65-1,63-l 
25 76.3,73.2,72-1,65-i 
26 76.3,73.2,72-1,65-l 
27 76.4,74.3,73-2,72-i 
28 76.3,74-1,65.1,54-2 
29 76.3r7u.1,65=2 
30 76.3,75-1,74-2,65-21,64-t 
31 76.3,75-2,74.1,65.1 
32 76.3,75.2,74.1 
33 74.2,73.1,65.2,64-1 
34 76-2,73.1,54-i 
35 72.1,63.1,54.1 
36 76.4,75.3,74-1,65-i? 
37 7b.3,7t.l,73.2.b5.2~,63.~ 
38 76.3874.1,73.2,65-l,b3.1 
39 76.3,74.l,73.2,b5-2r63.1 
40 76.?,73.1,65-1,5412 
41 76.3.7j.1r54.2 
42 76.3,7~.2,?3.1,65.2,54~~ 
43 76.3r74-2,73-irb5-2,64.~ 
44 76.3>74.2,73.~,66.2 
45 7613,7+-2r73.1,65-2 
46 76.3,?5-2.63.1,54-i 
47 76.3.?5.2,74-1,b3-1 
48 76.3,?5.2,74-1,63-1 
49 76-3,75.2,73.1,54-I 
50 76.3,?5.2,73.1,54.~ 
51 76.3,?5.2,?3-l,b4-1 
52 76.3,?5.2,73.i,64-i 
53 76.2,?2.~,65.~,43.1 
54 7br2,72.l,b5.!,43.1 
55 ?b.4r?5.3r74-lrb4-21r63-2.~4.2,53.l 
56 7bm4r75.3r64.2r53.1 
57 ?b-4r?5.3,73.~,64-2,63~~.5&.~ 
b-2,2-1 
b-2,2-1 
7-5 
b-32,3-21,2-1 
7-5,6-4,2-l 
7.5r3.1 
7.313.1 
b-3,3-$ 
b-383-1 
b-2,2-1 
7.32,3-1,2-l 
6.2,5-2,2-l 
7.5,6-2,3-l 
7-5 
b-53,3-21,2-l 
6.32,3-2lr2.1 
7-5,6-3,3.2,2-t 
6-43,4-32,3-21,2-l 
6.4,491 
7-5,3-i 
7.5, b-53,3-21 
7.5,b.ir 
b-3,3-1 
6.3,3-l 
b-3,3-1 
b-3,3-1 
b-3,3.1 
7.5,~.4313.21 
7.3,3-l 
7.3,3-l 
6.4 
b-343-1 
7.4,b.3,5.3,3.~,2.I 
b-3,3-1 
7.4 
6.2,2-i 
7-5 
7.314-2113.1 
7-43,4-2,3-I 
7-414-2 
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TABLE I-Continued 
COMMUTATORS 
50 ?b.4,75.3r73-2~b5.2rb4.~ 
59 76.4r?5.3,93-2rb4.1 
60 76.4r75.3,?4-2~73-lrb~.~ 
61 9b-4r?5.3r?4-2r73.1 
62 9b.*r95.3r74-1,65.2,62-i 
b3 76.4r?5.3,73-1r65-,?rb2.~ 
64 76.4r75.3r93-1rb5.2rb2-1 
65 96.4r75.3r72-~r65.2r63.~ 
66 7b.4,75.3r72-irb5-2rb3-t 
67 76.3r?3.irb*-lr54.2,52-1 
68 76.3r73.lr54-2r52.1 
69 76.3,75.2~?4-1863.lr52.1 
?Q 76.3~75.2,94-1rb3.1r52.~ 
71 76.3a?5.2r?Y-irb3.1,52.1 
92 76.3r?5-2~74-1,b2-1r53.1 
93 76.3r?5.2,74-1,62.1r53.i 
74 ?6.3~75.2,72-lr63.1,S~.~ 
95 76.3,75.2,?2-~rb3.lr5~.~ 
96 9b-3,?5-2r?2-lrb3.lr54.1 
79 ?b.4~?4.3r73-t~b5.32~b~.~~~4.~ 
96 76.4875.32r74.3r73.1~64.2 
79 76.4~75.3r64-2r62.i 
80 ?b.4r75-3r74-2r?2-1,b5.~ 
81 76.4r75.3,?4-2~9i-~ 
02 7b.3r?3.2,72-~rb5-2,64.~,5~.~ 
83 ?b.3r?3.2r72-~rb6-2rb4.l,53.~ 
84 ?b-3r?3-2r72-1rb5-2rb4-~,5~.~ 
85 76.3r73.2,?2-1854.1 
86 7b.4,?5.3r9~.1,73.lrb5.~,b4.~~52.~ 
87 7b.4~75.3r74-1r93-1,b~.?~~~.~~~2.~ 
08 7b.4r?5.3r?3-lrb5-2rb4.~,5P.l 
89 76.4r95.3,73.l,65.2,64.~~5~.~ 
90 76.4r?S-3r73-ir65-2rb4.!,5~-l 
91 76.4r25-3r73-irb5-2rb4-~,~~.~ 
92 9b.42r?5-32,72-~,b5-~~~~.2~,54.2,43.~ 
93 76.42,75-3?r72.lr63.2~~54.~~43.1 
94 76.4r75-3,72-lr65.l,63.~~,54.2~43.1 
95 76.4r75-3,72-lrb3-21~54.~~~3.~ 
96 7b.4r74.32,?2.~rb3-2~b4.~,~3.~~54.~ 
97 76.4,74-3,73-1,65-2,64-2,6~-~ 
90 76.4,7+.3,73-1rb5-2rb4.2,ci~.~ 
99 76-~~7~.3r72-1r65-2r6~.2,63-1~i4.1 
100 76.4,7j-3,~4-2rb2-~r53.~ 
101 7b.4,7~.3,73-1rb4-2rb3.l,b2.~#54.l 
lQ2 76.4r75.3,73.~r64-2,63.~,6~.~~~~.~ 
103 7b.4.75.3,73.lrb4.2,~2.1 
104 
105 
106 
107 
138 
109 
110 
111 
112 
113 
SQUARES 
9.4r5.3r4.lr3.P 
7.4r5-3r4.ir3.P 
6.4r5.3.4.2r3.1 
b.4r5.3,4.2,3.1 
7.2r5.2r2.1 
5.32r3.lr2.1 
7.2#6.3,5.32#4-lr3.1 .?.l 
7.3~6~2,4-l 
6.3r4.2r3.lr2.~ 
6-3r’~2~3.lr2.1 
7.3243.182.1 
7.F?rb.rrZ-1 
b-48 5.4 
7.2rb.4r3.l 
7.3r5.2,?.1,2.1 
7.4343-1 
?-Lab-2 
7.5r4.2 
6.53~6.394.31,3-l 
9.4n4.21r2.1 
b-42r4-21r2-I 
b-4244.2142.1 
b-3285.4r3-21~2.1 
7.5 
7.54, b-2r 3-1 
6.32r3.Plr2.I 
7.2r6.2ru.lr2.! 
7.43216.385.43 
7.4rb.2r5.3r4.1~3.1.~-1 
7-4246.2,4-lr2.1 
7.2rb.32#2-1 
7-2rb’3rS-4 
6.2r5.2rZ-lr3.! 
6.2r5.2r4.1,3.~ 
?-5r6-543r5-3,4-3r3.~,2-~ 
7-52.6.542,5.2.4-32+,3.la2-1 
7-5rb.5432r5-2,4-32,~-~.~-~ 
?.53.6-543,5.3,4-321,3.112-1 
7.4304-21r3.i,i?-1 
7-4#r.:l,P-I 
7.42,6-3284.242-I 
7.4r5-3.4.21,3.I~2-$ 
76.4875.3,73-1bb4-2862.1 
76.4r75-3,74-2r7f-lr53-~ 
76.4r7r-3,?3-2~72-lrb5.3?,~4.~~i4.2~~53-~ 7-5#6.3#4-21r3.1 
76.4,7s.3,73-2,72-lr6~-~~?,~4.21~53-1 7.5,0.32,4-2ir3.1 
7b-Y~7u.3,73-2,72-~r6~.~,~~-~ 7.5,6-543,4-321,3-21,2-I 
7b-4r7.-3r73-2r72-1.65-1 6.4384.32r3-21.2-I 
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CSN&~~TE CLASS NeS@ REPRESENTAlIeNS 
; A;’ . b'0. ii 1 i L.C.S. Ja Jl 32 43 J4 J5 SUM vo VI v2 
: i5 3 I: 17 
2 bG 3 2 2 71 
3 53 Y i 3 721 
'. iC5 5 0 2 72 
5 21 5 c: 2 71 
f~ 39 5 1 3 721 
7 31 z 1 3 721 
5 25 5 2 + 7321 
Y Lil b 3 2 73 
: 7 *a c 1 3 73: 
iGi 15 5 1 3 72: 
19 22 C 2 3 73; 
2; lc' 0 2 3 131 
2: 2J b 2 3 731 
CJ 37 ;I ; 2 72 
31 *i 7 :) 2 72 
*3 ?b 1 1 3 731 
44 ts 7 1 3 131 
43 10 7 1 3 731 
46 3d 7 1 3 731 
*7 27 7 i 3 731 
48 17 7 1 3 731 
49 21 7 1 3 731 
50 7 713731 
51 i8 7 : 3 731 
52 111 7 1 3 731 
53 2 7 1 3 721 
54 4 7 3 721 i 
55 a0 7 2 3 742 
;; 24 36 7 2 3  742 
126 0 0 '3 0 0 ii8 128 a 
32 48 - 
16 2r 1: 
3 
3 
: 0 80 64 lb 
0 56 32 24 
lb 24 16 3 S 0 56 32 24 
86C C 0 0 0 68 64 
e122r 3 
6 12 24 0 c 
628 2 
16 328 0 3 0 44 16 20 
6 c33 0 c 0 36 32 u 2Y 16 3 3 50 1:: 
8 12 24 0 0 0 44 32 6 
6 12 24 " 0 0 44 32 .5 
6 616 4 i o 38 16 20 
a a 16 4 c 0 3a 16 20 
a 28 3 a 0 0 44 16 
0 32 ib 
2a 
8 412 8 i‘ 12 
4 16 22 c 'j 0 44 32 II 
4 b16 b C 0 3Z 16 12 
4 b lb b Q 0 32 lb 12 
+ 1; 1: 8 3 0 32 16 12 
4 ? 1: 10 0 0 26 16 4 
* 2 1C lc 0 0 26 16 4 
* li 15 A 3 0 32 16 12 
4 13 15 8 o 0 32 16 12 
*1310 0 3 o 32 IL 12 
43.! c 0 4 0 38 8 30 
t L 18 b 0 0 32 16 12 
t 318 4 G 0 3a 16 20 
0 : b12 D 0 26 16 4 
c 4 12 8 o o 32 lb 12 
k 29 3 8 0 0 44 16 23 
0 b26 0 0 0 38 32 
4 la 22 3 0 0 44 32 ii 
2 53 o o o 0 65 64 
6 412 8 G 0 32 0 251 
4 6 4 12 0 0 26 lb 4 
4 13 I2 3 o o 32 16 12 
4 6 4 12 r, 0 26 16 4 
4 4 13 a 0 0 29 lb a 
4 12 13 6 0 0 35 lb lb 
4 2 10 15 0 0 2s 16 4 
4 b 4 12 0 0 26 16 Y 13 13 8 o  32 1: 
4 10 10 8 
-6 16 
0 0 32 16 
ib 
12 
4 6 0 0 32 12 
4 10 10 8 o 0 32 lb 12 
4 II: 1~ 8 o 0 32 16 12 
4 10 10 a 0 0 32 16 12 
4 IO 10 8 o 0 32 16 12 
4 IO 10 8 0 0 32 16 12 
4 10 10 8 0 0 32 lb 12 
2 15 24 0 0 0 41 32 8 
2 is 24 6 0 0 Oi 32 I 
4 0 312 10 20 8 6 
4 4 9 a 1 0 26 8 14 
4 2 413 D 0 23 8 10 
a 
: 
0 
4 
4 
4 
0 
: 
2 
4 
: 
2 
0 
4 
4 
4 
4 
4 
:: 
4 
4 
4 
: 
2 
6 
4 
: 
4 
2" 
6 
: 
5 
3 
8 
4 
4 
4 
4 
4 
4 
4 
4 
4 
i 
6 
5’ 
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TABLE II-Continued 
133 
CONJUGATE CLASS NfJS, REPRESENTATIONS 
FAN. NBa R M C L.C.S. 
58 20 7 2 3 742 
59 20 7 2 3 742 
10 7 2 3 742 60 
61 
62 
63 
64 
65 
66 
67 
68 
69 
70 
2 
73 
74 
75 
7b 
77 
:: 
80 
81 
82 
83 
84 
85 
86 
67 
aa 
89 
90 
91 
92 
93 
94 
95 
;; 
98 
99 
100 
191 
:a2 
133 
IO' 
135 
156 
137 
lOa 
139 
110 
111 
112 
113 
9 7 2 3 742 
14 7 2 3 7*1 
14 7 2 3 741 
6 723741 
6 7 2 3 7r(l 
4 723741 
2 7 2 3 731 
4 723731 
4 723731 
4 7 2 3 731 
3 7 2 3 731 
3 7 i: 3 731 
4 72373i 
2 723731 
2 723731 
3 723731 
a 7 2 4 7431 
IO 7 2 4 7431 
24 7 2 4 7421 
9 7 2 + 7421 
13 7 2 4 7421 
2 7 2 4 7321 
3 7 2 4 1321 
b 7 2 4 7321 
3 7 2 4 7321 
2 733741 
: 7 33791 3 .i 744 
2 733741 
2 7337*1 
1 733741 
2 7 3 4 7421 
2 7 3 4 7421 
3 7 3 4 7421 
3 7 3 4 7421 
4 7 3 4 7431 
: 7 3 4 7431  
2 7 3 4 7431 
4 7 3 4 7421 
2 7 3 4 7421 
2 7 3 4 7421 
3 7 3 4 7421 
2 7 3 ‘( 7421 
3 7 3 4 7421 
2 7 3 5 74521 
4 7 3 5 74321 
: 7 3 5 74321 
1 7 3 9 74321 
2 7 3 5 74321 
2 7 3 5 74321 
3 7 4 b 754321 
JO Jl J2 33 J4 J5 SUN 
4 4 S 8 2 0 23 
4 all 4 2 0 29 
4 6 12 0 4 0 26 
430 c 0 4 0 3a 
4 6 412 0 0 26 
4 6 412 C 0 26 
4 6 412 G 0 26 
4 6 412 t 0 26 
6 412 0 0 26 
: 312 9 0 0 26 
? 712 8 5 0 29 
2 712 8 S 0 29 
2 7 12 0 0 0 29 
2 712 8 0 0 29 
2 712 8 G 0 29 
2 712 8 G 0 29 
2 712 8 3 0 29 
2 712 8 0 0 29 
2 712 a 0 0 29 
4 2 413 0 0 23 
4 a 11 4 2 0 29 
* 811 4 2 0 29 
4 612 c 4 0 26 
$30 0 0 4 0 39 
2 3 b12 0 0 23 
2 7 >I’, 0 0 23 
2 7 214 ; 0 23 
2 7 314 G 0 23 
2 7 314 0 0 23 
2 7 014 0 0 23 
2 7 014 0 0 23 
:13a3c17 1 9 5 3 0 23 
2 1 3 8 3 0 17 
2 1 9 5 3 0 20 
2 3 4 9 2 0 20 
2 5 7 7 2 0 23 
2 3 4 9 2 0 23 
2 3 4 9 2 0 20 
2 7 4 8 2 0 23 
2 7 4 8 2 0 23 
2 911 0 4 0 26 
2 1 1 5 5 0 14 
2 1 7 2 5 0 17 
2 911 0 4 0 26 
2 911 c 4 0 26 
2 911 0 4 0 26 
2 I 3 a 3 0 17 
2 I 3 a 3 0 17 
231. 0 0 0 2 35 
vo VI 
8 10 
a 18 
a 14 
8 30 
a 14 
a 14 
a 14 
a 14 
a 14 
16 a 
16  1: 
16 12 
16 12 
16 12 
16 12 
16 12 
16 12 
16 12 
a 1~ 
a 1a 
a la 
a 14 
a 30 
16 4 
16 4 
16 4 
16 12 
a 14 
a 14 
a 14 
a 14 
ii 14 
8 6 
8 
a : 
a 6 
8 15 
8 10 
a IO 
8 10 
8 10 
a 10 
8 IO 
8 10 
8 IO 
a 14 
a 2 
a 2 
a 14 
a 14 
a 14 
a 2 
a 2 
4 31 
v2 
3” 
4 
0 
4 
4 
4 
4 
: 
5 
0 
0 
E 
0 
0 
0 
: 
: 
4 
Ff 
2 
2 
4 
G 
0 
0 
0 
0 
i 
i 
6 
: 
5 
; 
1 
: 
5 
: 
7 
4 
4 
4 
7 
7 
0 
v3 
0 
i 
3 
0 
0 
0 
i: 
fi 
: 
1 
1 
: 
1 
1 
0 
0 
0 
0 
3 
1 
1 
1 
0 
1 
1 
1 
1 
1 
1 
1 
0 
1 
C 
1 
0 
0 
A 
1 
1 
0 
:: 
:, 
0 
0 
: 
: 
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common to the groups of each family, and the number of non-isomorphic 
groups in the family. An explanation of the tables is given in Section 6. 
2. THE STRUCTURE THEOREMS 
First, two basic lemmas are stated without proof. 
LEMMA 1. A group G of order 2” has a normal series 
G=G,~GG,_,3...r)G,={e}, 
where Gk is a normal subgroup of G of order 2k. Any given normal series can be 
embedded in such a series. 
LEMMA 2. Let G be an extension of degree 2 of agroup H. For any element x in 
G - H, G = H u xH. Multiplication in G is defined in terms of multiplication in 
H by prescribing x5 = OL E H, and ax = X-lax for all a E H. The transformation 
a -+ ax is an automorphism of H which satisfies the conditions 
(1) (a”)” = Q-lam, (2) & = a. 
Conversely, for any OL E H, an automorphism of H which satisfies these two 
conditions determines such an extension. 
The first lemma, for groups of prime power order, is an easy consequence of 
the fact that G has a center which contains more than the identity e [3, p. 471. The 
second lemma is a specialization of the properties of a cyclic group extension 
[3, pp. 224-2251. 
In the following theorems, group elements are represented as products of 
generators, with the subscripts in decreasing order. This turns out to be most 
convenient when the commutator Cjk , k < j, is defined as in Eq. (2) below. 
Accordingly, we have formulas, beginning with (2), which use the product 
notation 
6x2 = xoxo-1"'x1~ 
THEOREM 1. In a group G of order 2”, let 
G = G, 3 G,_, 3 ... 3 Go = {e} 
be a normal series of maximal length, and take any olj E G, - Gjel , 1 < j < n. Then 
the general element of G is a product 
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with a,, ,..., a, = 0 or I. The generators {ai} satisfy commutation relations of the form 
cj, = 1 a;'aj- akaj = fi ,p, 1 <k<jGn, (2) 
&k-l 
and their squares have the form 
where the e+omznts Cjkl and bi, are 0 or 1. 
The following relations are satisfied: 
(i) For n 3 j > k > 1 2 2, 
(~~Cj,)-l((YkCjk)-l(a~cjl)(akCjk) = fi (am~jm)ckLm~ 
~=l-l 
(ii) For n > j > k 3 2, 
(3) 
(akcjk)2 = fI (a&Zjl)bk’. 
l=k-1 
(4) 
(5) 
(iii) For n > j > 2, 
$, (alcil)bj’ = l$pl a;“- 
(iv) For n > j > k > 2, 
(6) 
(7) 
Proof. The representation (1) follows from a stronger assertion: if x E G, , 
(1) holds with ai = 0 for j > k. This can be proved by induction on k. First, 
it is true for k = 0, since G, = {e}. If it is true for all x E Gk-r , then from 
G, = Gk-r u a,G,-, its truth for k follows. 
For j > k, G, and G,-, are normal subgroups of Gi . Hence the mapping 
a = a(j) = $aarj carries these groups into themselves. Since it is I-1, 
(G, - G,-,)j = G, - GkmI = akGk-r . Thus @akaj E akGk-r , which is what 
(2) says. 
Equation (3) states that aj2 E G,-r . Relations (4) and (5) make the transforma- 
tion a -+ a(j) an automorphism of Gj-r . Equations (6) and (7) are the two 
necessary conditions given in Lemma 2. Hence (3~(7) follow from Lemma 2. 
THEOREM 2. The set of products (1) on n letters a1 ,..., a,, forms a group G of 
order 2” if its products are determined by relations of the forms (2) a& (3), satisfying 
conditions (4)-(7). For k < n, the set G, of products of 01~ ,..., aL is a normal 
subgroup of G. 
136 EUGENE RODEMICH 
Proof. By the last part of Lemma 2 and induction on k, the set of products 
of OLi ,..., c+ forms a group G, which is an extension of degree 2 of Gkml . This 
follows easily from (2)-(7). The range of the product on the right in (2) implies 
that G, is mapped into itself by any inner automorphism of G, , hence G, is 
normal. This proves Theorem 2. 
We close this section with some results on group representations and a lemma 
which was used in preparing Table II. 
A group G of order 2% can be partitioned into classes of conjugate elements: 
two elements are conjugate if there is an inner automorphism of G which carries 
one into the other. It is easy to see that the size of any class of conjugates is a 
divisor of 1 G /, hence a power of 2. We denote by jl the number of conjugate 
classes of size 21, 1 = 0, l,... . Let s = x jr , the total number of conjugate 
classes. 
We consider also the irreducible representations of G in the multiplicative 
group of non-singular complex matrices of degree 21, 1 = 0, l,... . (It can be 
shown that any irreducible representation has a degree which divides / G I.) Let 
vr be the number of inequivalent representations of degree 2l. Then we have the 
relations 
tovl = Sl 
f 225, = 2” 
LO 
co 
(9) 
[3, p. 2671. Also, we have 
vo = I G Ill G’ I, (10) 
where G’ is the commutator subgroup of G. This follows easily from the faet that 
the representations of degree 1 of G are the homomorphisms of G into the com- 
plex numbers, and G’ is in the kernel of any such homomorphism. 
Comparing (9) and (lo), we see that v, > 0, hence vr = 0 if 1 2 n/2. If 
n < 6, only v. , v1 , v2 can be non-zero, and they are determined by (8)-(IO). 
For n = 7, vs can be non-zero, and one more piece of information is needed. 
This is provided by the following lemma. 
LEMMA 3. LetGbeagroupofordcr2n,nodd,andktor,,...,ol,bechoseff~in 
Tkwem 1. For m = (n - 1)/2, v,,, isOm1.v,=1ifmdodyifthecZfassesof 
conjugate ekmmts 
Cl = @I, c, = Gd, c, ,.-., c, 
have the @perty that HqCj = Cj for j 2 3. 
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Proof. In any irreducible representation of G, 01~ -+ &I, where Z is the 
identity matrix, since 1yi E 2, the center of G, and ai2 = e. Let vr = VI +- Y;, 
where VI representations of degree 21 have 01~ -+ I and v; have ‘cyi -+ -I. A 
representation of G with 01~ -+ I is a representation of GIG, , and all representa- 
tions of G/G, are obtained in this way. Hence if s’ is the number of conjugate 
classes of G/G, , from (8) and (9) we get 
and by subtraction from (8), (9) 
(11) 
(12) 
As observed above, vh = 0, so we are concerned with the value of V; . From 
(12), v: = 0 or 1, and if V; = 1, v; = 0 for l.# m. Comparing (11) and (12), 
v&islifandoniyifs’=s-1. 
For any conjugate class Ci , c+Cj is also a conjugate class, since ~yi E Z. The 
conjugate classes of G/G, are (Cj u alCj)/Gl , 1 < j < S. The first two of these 
classes are the same. The others are distinct if and only if Ci = aiCj , j >, 3. 
Hence this is the condition which makes s’ = s - 1. 
Note. A similar result holds for groups of order pt”+*. There are p - 1 
irreducible representations of degree pm if G/G, has exactly p - 1 fewer con- 
jugate classes than G; otherwise there are none. 
3. THE METHOD OF ATTACK 
We wanted to find all sets of relations (2), (3) which lead to non-isomorphic 
groups. The first step was to choose certain group invariants, whose values 
subdivide the set of all groups of order 128 into a number of smaller sets. The 
basic set of invariants used here were the length of the lower central series 
G=H,3U13~~*5,H,=(e}, whereH* = [G,H,+,],K>l,andtheorder 
of each group in this series. Without loss of generality, we may assume that this 
series is embedded in the series G, r) G,..., 2 ..* 2 G, of Theorem 1. 
Given the sizes of H1 ,..., H, , we proceeded to find all inequivalent sets of 
commutation relations (2), using ingenuity to normalize. the relations as much as 
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possible. An example will be given later. This part of the work was done by hand, 
with much checking to avoid missing cases. 
For a given set of commutation relations, the numbers Cjlctn are known. Some, 
but not all, of the exponents bj, are determined. In particular, if j > k, ai $ HI , 
and C+ E 2, then the exponent bj, drops out of any of the relations (4)-(7) in which 
it may appear, so these exponents are free. This brings us to the concept of a 
family of groups. A working definition is igven, which is equivalent to the 
definition of [2] when the groups have the same order: 
DEFINITION. Two groups G, G’ of order 2” are in the same family if they have 
generators c~i ,..., 01, and a; ,..., & such that the exponents of (2) and (3) with 
primes for G’, satisfy I 
cm = Gel for allj > k > 1, 
and 
bj, = b;, unless ‘Ye $ Hi and (Ye E 2. 
The definition of family in [2], which applies to groups which are not neces- 
sarily of the same order, is included for completeness. 
DEFINITION. Two groups G, , Gs are in the same family if there is an isomor- 
phism 4: G,/Z(G,) +-+ G,/Z(G,) and an isomorphism 1,6: Gi et Gi , where G; is 
the commutator subgroup of Gi , such that if a,Z(G,) t+ +Z(Gs) and b,Z(G,) t) 
b,Z(G,) under +, then [a, ,4] t+ [us , b,] under 4. 
The first 27 of the 113 families found here contain groups of order ~$4, hence 
they occur in [2]. 
A given set of commutation relations usually corresponds to a single family. 
Sometimes there are two or three families, and in one case, four (families 
88-91). 
The final step, done on computer, was to determine for each family a complete 
set of inequivalent choices for the free exponents. This work used an XDS 
Sigma 5 computer. The method is described in the next section. 
4. REMOVING THE IS~M~RPHS 
We consider a collection of groups in the same family, where the family is 
characterized by giving the values of the exponents in (2) and those exponents 
in (3) which need to be fixed according to Definition 1. The individual groups 
are defined by giving the values of the remaining exponents bj, . 
Let the first group be G. We shall describe a procedure for removing all sub- 
sequent groups which are isomorphic to G. After this is done, we repeat the 
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procedure for the remaining groups after G and continue in this way until all 
isomorphs have been eliminated. 
If G is isomorphic to a later group G*, with generators {OLD), let 
k=l 
be an isomorphism of G and G*. The exponents a,, must satisfy a number of 
conditions. 
First, G and G* have the same range of subscripts for the generators in each 
member of the lower central series. If 1 Hr 1 = 2k~, 0 < 1 < c, then forj < k, , 
k > kl -+ ajk = 0. 
Another condition is that if CX~* E Z(G*), then gi E Z(G). Hence ifj is in the set 
of subscripts for which Olj E 2 in our family, then aik = 0 unless elk E 2 also. 
We run through all matrices (ajk) of O’s and l’s, having zeros in the places just 
described. First we apply certain tests. 
G* and G have the same commutation relations. Hence 
Also the formulas for CL;” must agree with our representation of the family. 
HenLe 
k=i-1 
If any of these conditions are violated, we go on to the next set of exponents ajk . 
We still need to find out if the CX~ are an admissible set of generators of G, of 
the type described in Theorem 1. This is true if 
(16) 
k-1 
for 1 <j < n, and if Or, ,..., 6, generate a group of order 2”. If so, (13) implies 
that G* must have its free exponents bTk equal to the exponents Z$ of (16); 
conversely, if these exponents agree, then (13) is an isomorphism. Hence the 
isomorph problem is solved by eliminating all sets of exponents reached in this 
way. 
To determine whether the di have the properties of Theorem 1, we first 
attempt to set up the quantities 
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where the numbers m, ,..., m, are a permutation of l,..., n, & is a product of 
powers of the & for k < j, and h, E Gwjel . 
The procedure used to form the gj is analogous to row reduction of the matrix 
(+), and is accomplished in n steps, starting with gjn’ = dj , 1 < j < 1~. Let jn 
be the first value of j for which gy’ E (Y,G,-~ , if it exists. Then for j # jn , put 
gj.n-1’ = g$“‘g:z’ ifgjn) E a,G _ . Otherwise put gp-l’ = gjn’. (This reduces the 
first column of (aJ.) Next,“l:t j,,-r be the first subscript for which gin-l’ E 
an&n--2 9 and for all j #in-r with gin-l’ E ~l,-rG+s put gy-:’ = gj.‘+l’g:i:i’, 
otherwise g$‘-2’ = gy-l’. P ro ee mg in this way, we arrive eventually at the d d’ 
quantities gj = g, ‘O’ which have the property that for 1 < m < n there is at most 
one j with gj E (Y, G,-, . Every g:“, 0 < 1 < n, has the form &jT;j specified above. 
If for some m, there is no j with gj E (Y,,G, -t , then some gi must be the identity 
e. Then from gj = Zjfii , Bj is in the group generated by I%,-~ ,..., Zi, , and the 
Gj’s are not an admissible set of generators. Thus (Q) has failed the test, and we 
can go on to the next matrix. Otherwise, define mj to be the integer for which 
gi E orm,G, j-l , and we get (17). 
Using (17) we can find the formulas for Eij2. First, dr2, which can be computed 
from (13), must be e. Given formulas (16) for &*, k < j, compute Zii2 in terms of 
the tij’s from (13). This must be expressible in terms of the g, via (17). The 
procedure is as follows: If Zj2 # e, pick k so that Zj2 E ~l,~G~~-r . Then gij2 = g&, 
where h E Gmk-i . If h # e, pick 1 so that h E amlG,, - 1, and put h = g,h’, 
aj2 = g,g,h’, h’ E Gmlml . Proceeding in this way, we eventually get a formula 
E.2 = g,g, “‘go, 3 (18) 
where all the subscripts are distinct on the right. Let the maximum subscript 
be t. Then by (14), Zj2 E B&-i (G,-, is the group generated by Ljil ,..., tit-r). If 
the &j’s are an admissible set of generators, we must have t < j; this is another 
test the matrix (ajk) must pass. Then (18) can be reduced to the form (16), by 
using the known formulas of the type (16) for K < j together with (14). 
As formulas (16) are derived, we check the exponents to see if they are 
allowable for our representation of the family. If they are, the exponents {bik} 
are searched for among the groups after G, and if any group has these exponents, 
it is eliminated. 
This method of eliminating the isomorphs was carried out by computer for 
most of the families of groups of order 2’. It is slowest for the families with large 
centers, such as the family of abelian groups. For these, complete sets of non- 
isomorphic groups are easily found by hand. 
5. AN EXAMPLE 
We outline the derivation of the commutation relations for the case Hi = G, , 
H, = Gl . 
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(i) Since Ga is not in the center of G, the set of elements of G which 
commute with 01s is a proper normal subgroup of G, which contains G, . Let it 
be one of the groups Gj in the series of Theorem 1. Then it is easily shown that 
this group is Gs , and C,,, = 1. 
(ii) Condition (4) for j = 7 reduces to C,,, = 0. Hence C,, E G1 for 
1 < k < 6. We need C,,, = 1 for some k. The elements OL E G,, for which 
[ti, , a] E G, form a normal subgroup of G. Taking this group in the series (G,}, 
we find that C,8, = 1, and C,,, = 0 for k < 5. 
(iii) As in (ii), we can choose the generators “3, myI, o/& so that C, i = 
C,,, = 0. Furthermore, if C,,, or C,, = 1, the change of generator OLD = OL~(Y~ 
or% = CQ(Y~ can be used if necessary to make C,,, = 0. 
(iv) For 3 < k < 5, C,, E G1 . If C,k = 0~~ , replace (Ye by & = cykolz to 
make C,, = e. Also, redefine 0~~ = C,, . 
(v) For C,,, = 1, we are down to two sets of commutation relations, 
depending on whether C,,, = 0 or 1. 
(vi) For C,,, = 0, there are also two sets of commutation relations. For 
the first, G, is abelian. For the second, if G, is not abelian, we can rechoose the 
generators olj - o/~ to get C,,, = C,,, = 0, C,, = 1. 
Conditions (4) are all satisfied. Equations (5)-(7) give conditions on the 
exponents bi, which can be satisfied for each of the four sets of commutation 
relations. For C,,, = C,,, = 1, we get families 53, 54; for Cs,, = 1 and C, i = 0, 
families 6, 7; for C,,, = 0 and C,,, = 1, family 18; for C,,, = C,,, = 0, 
family 3. 
For cases where Hi is a larger subgroup of G, relations (4)--(7) play a greater 
role in getting to the basic sets of commutation relations than is evident here. 
6. EXPLANATION OF THE TABLES 
Table I gives the basic description of the families, by specifying exponents in 
Eqs. (2), (3). The families are listed by number, 1 to 113, inthe first column. The 
second entry gives the commutation relations (2). For each C,, # e, there 
appears the sequence j, k, dash, followed by more numbers. The numbers after 
the dash are the values of I for which Cikl = 1. Thus, for example, family 1 
is the abelian groups, so this space is blank. In family 10, 
and otherwise Ci, = e. 
The third entry in Table I gives the squares of the generators, giving ai 
modulo 2 if ai $ H, . Here for each CQ whose square is not e, the number j appears 
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followed by a dash, followed by all values of k for which bjk = 1. For example, in 
family 8, 
Table II gives the values of some of the parameters which characterize the 
groups. The second entry here is the number of groups in the family. 
Next appear the rank I, the middle length m, and the class c. These are defmed 
as follows: 2’ is the order of the smallest groups in the family. For a given group G 
with commutator subgroup HI , 
y = log, I ‘W(G) .HI I + log, I HI I. 
2” is the order of Hi/Z(G) n HI. c is the length of the lower central series 
G = Go3 HI3 ...I H, = {e}, where 
H, = [G, Hd k 2 1. 
These three numbers are used for ordering the families: Y increases; for fixed Y, 
m increases; for fixed Y and m, c increases. 
Next, the lower central series is specified by giving the numbers k, ,..., kc-, , 
with k, = log, I H, I. 
Next, the numbers of conjugate classes of each size, j, ,il ,... are given, with 
their sum s. Finally, the numbers v0 , v1 , va , 3 Y of representations of degrees 
1, 2, 4, 8 are given. These numbers are the same for all the groups of order 128 
in a family. It is easy to show that the classification of the products (1) into 
conjugate classes is independent of the free exponents bjk of the family. This was 
done by computer for one group in each family. The computer also counted the 
number of classes which are invariant under multiplication by ~yi . This com- 
pleted the information necessary to determine ~a - va by (8)-(10) and Lemma 3. 
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